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Abstract
In this paper I consider the role of state-contingent inﬂation as a ﬁscal shock absorber in an
economy with nominal rigidities. I study the Ramsey equilibrium in a monetary model with
distortionary taxation, nominal non-state-contingent debt, and sticky prices. With sticky prices,
the Ramsey planner must balance the shock absorbing beneﬁts of state-contingent inﬂation
against the associated resource misallocation costs. For government spending processes resembling post-war experience, introducing sticky prices generates striking departures in optimal policy
from the case with ﬂexible prices. For even small degrees of price rigidity, optimal policy displays
very little volatility in inﬂation. Tax rates display greater volatility compared to the model with
ﬂexible prices. With sticky prices, tax rates and real government debt exhibit behavior similar to a
random walk. For government spending processes resembling periods of intermittent war and
peace, optimal policy displays extreme inﬂation volatility even when the degree of price rigidity is
large. As the variability in government spending increases, smoothing tax distortions across states
of nature becomes increasingly important, and the shock absorber role of inﬂation is accentuated.
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1. Introduction
An important result of the optimal policy literature is the prescription of
policies which smooth tax distortions over time and across states of nature.
When governments ﬁnance stochastic government spending by taxing labor
income and issuing one-period debt, state-contingent returns on that debt allow
tax rates to be roughly constant (see Lucas and Stokey, 1983; Chari et al., 1991).
In monetary models, this tax smoothing can be achieved even when nominal returns
on debt are not state-contingent; varying the price level in response to shocks allows
the government to achieve appropriate state-contingent, ex-post real returns (see
Chari et al., 1991). Generating inﬂation in the period of a positive spending shock
allows the government to decrease its real liabilities by reducing the value of its
outstanding nominal claims. In this way, the government is able to attenuate the
increase in taxes required to maintain present value budget balance. Similarly, a
deﬂation in response to a negative spending shock attenuates the required fall in
tax revenues.
Clearly, inﬂation plays an important policy role when nominal returns to
debt are not state-contingent, since it can generate real returns which are.1,2 A
quantitative property of these models is that when calibrated to post-war
US data, optimal policy displays extreme inﬂation volatility (see Chari et al.,
1991; Chari and Kehoe, 1999). This is due to the fact that inﬂation is costless in
these models.
The aim of this paper is to determine the optimal degree of volatility when
inﬂation is no longer costless, but still has shock absorbing beneﬁts. This is an
important consideration since studies that consider optimal monetary policy devoid
of ﬁscal considerations prescribe stable inﬂation when nominal rigidities are present
(see King and Wolman, 1999; Erceg et al., 2000; Khan et al., 2000).
To study this question I introduce sticky prices into the standard cash–credit good
model. When some prices in the economy are set before the realization of
government spending, unanticipated inﬂation causes relative price distortions. This
distortion generates costly misallocation of real resources. Optimal policy on the part
of the government must balance the tax smoothing beneﬁts of state-contingent
inﬂation against these misallocation costs.
To see this trade-off, consider an economy with a complete set of tax instruments,
as in Lucas and Stokey (1983) or Chari et al. (1991). With both sticky price and
ﬂexible price ﬁrms, this can be achieved by providing the government with an
additional state-contingent tax on the output of sticky price ﬁrms. In this complete
instruments case, ex-post variation in the price level generates state-contingency in
the real value of government liabilities, keeping tax distortions smooth. At the same
1

Sims (2001) extends this analysis to address the debate on dollarization. Replacing debt denominated
in domestic currency with debt denominated in foreign currency eliminates the feasibility of statecontingent returns generated through inﬂation.
2
For discussion of these results in relation to the literature on the Fiscal Theory of the Price Level, see
Woodford (1998) and Christiano and Fitzgerald (2000). These papers, as well as Sims (2001), leave as an
open question the optimal degree of inﬂation volatility when inﬂation is costly.
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time, ex-post variation in the tax on the output of sticky price ﬁrms keeps the relative
price, and hence relative production, across sticky and ﬂexible price ﬁrms at its
efﬁcient level. In the model presented in this paper, the government does not levy
independent taxes on the output of sticky and ﬂexible price ﬁrms so that the
complete instruments outcome cannot be attained. Ex-post inﬂation drives down the
relative price of sticky price ﬁrms, leading to overproduction of sticky price goods
(and underproduction of ﬂexible price goods). Likewise, ex-post deﬂation leads to
underproduction (overproduction) of sticky price (ﬂexible price) goods. Hence, any
variation in ex-post prices used to generate real state-contingency in nominal debt
results in misallocation of resources.
In examples calibrated to post-war US data, I show that introducing sticky
prices has a striking impact on the optimal degree of inﬂation volatility. While the
ﬂexible price model displays extreme volatility, the analogous sticky price
model displays essentially stable deﬂation at the rate of time preference. This is
true even when the proportion of sticky price setters is small. For instance, when
2% of price setting ﬁrms post prices before the realization of shocks, the standard
deviation of inﬂation falls by a factor of 8 (relative to the case with ﬂexible
prices); when 5% of ﬁrms have sticky prices, the standard deviation falls by a
factor of 16. When the model displays diminishing marginal product of labor,
5% sticky prices causes the standard deviation of inﬂation to fall by a factor of 40.
Hence, for post-war calibrations, the gains from achieving state-contingency in real
debt returns are small relative to the misallocation costs induced by variable ex-post
inﬂation.
The nominal interest rate is no longer zero in the sticky price model, as prescribed
by Friedman (1969), but instead ﬂuctuates across states of nature. However, the
deviation from the Friedman Rule is quantitatively small. Finally, the serial
correlation properties of optimal tax rates and real government debt differ markedly
in the two environments. In contrast to Barro’s (1979) random walk result, Chari
et al. (1991) show that with ﬂexible prices, these variables inherit the serial
correlation of the model’s underlying shocks (see Lucas and Stokey, 1983, for the
initial exposition of this result with state-contingent debt). Faced with sticky prices, a
benevolent government ﬁnances increased spending largely through increased taxes.
As high spending regimes persist, tax revenues are gradually increased and real debt
is accumulated. During spells of low spending, taxes fall and accumulated debt is
paid off. As a result, the autocorrelations of these objects are near unity regardless of
the persistence in the shock process, partially reviving Barro’s result. This ﬁnding is
similar to that of Aiyagari et al. (2002) who consider optimal policy in a model with
incomplete markets (i.e. real non-state-contingent debt). In fact, I show that the
sequence of restrictions imposed on the set of feasible equilibria by sticky prices and
market incompleteness are analytically similar.
As the volatility in government spending increases, the shock absorbing beneﬁts of
state-contingent inﬂation come to dominate the costs of resource misallocation. For
instance, when government spending is 3 times more volatile than post-war
experience, optimal policy prescribes extreme volatility in inﬂation even with a
large proportion of sticky prices. With large spending shocks, tax smoothing
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considerations are accentuated, and the Ramsey planner tolerates misallocation
associated with volatile inﬂation in order to smooth tax distortions across states of
nature. To shed light on this result, I analyze the nature of the beneﬁts and costs of
inﬂation volatility when government spending is volatile.
The next section presents a cash–credit good model with price setting on the part
of intermediate good ﬁrms; a subset of these ﬁrms post prices before the realization
of the state of nature. Section 3 characterizes equilibrium, and develops the primal
representation of equilibrium. I show that the primal representation requires
consideration of two sequences of cross-state constraints not present with ﬂexible
prices. Section 4 presents the Ramsey allocation problem. The existence of the crossstate constraints makes solving this problem difﬁcult. Section 5 provides additional
analysis of the key cross-state constraint introduced by sticky prices. Section 6
discusses the characteristics of the Ramsey equilibrium that make development of a
solution method feasible. I show that the solution builds upon the recursive contracts
approach developed in Marcet and Marimon (1999). Section 7 presents quantitative
results. Section 8 concludes.

2. The model
Let st denote the event realization at any date t; where t ¼ 0; 1; y : The history of
date-events realized up to date t is given by the history, or state, st ¼ ðs0 ; s1 ; y; st Þ:
The unconditional probability of observing state st is denoted pðst Þ; while the
probability of observing st given state st1 is denoted pðst jst1 Þ  pðst Þ=pðst1 Þ: The
initial state, s0 ; is given so that pðs0 Þ ¼ 1:
The economy is populated by a large number of atomistic households and ﬁnal
good producing ﬁrms, a continuum of intermediate good producing ﬁrms, and a
government (a combined ﬁscal and monetary authority). Each of these agents is
described in turn.
2.1. Households
There is a large number of identical, inﬁnitely lived households in the economy.
The representative household’s objective function is
N X
X
bt pðst ÞUðc1 ðst Þ; c2 ðst Þ; lðst ÞÞ; bAð0; 1Þ:
ð1Þ
t¼0

st

The period utility function is of the form:
"
1s #
h
i1=f
f
f
Uðc1 ; c2 ; lÞ ¼
ð1  gÞc1 þ gc2
ð1  lÞc
1 =ð1  sÞ;

ð2Þ

with s; c > 0; fo1; and 0ogo1: Here, l denotes the share of the household’s unit
time endowment devoted to labor, c1 denotes units of consumption good purchased
in cash, and c2 denotes consumption purchased on credit.
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The household faces two sequences of constraints. The ﬁrst is the ﬂow budget
constraint which must hold for all st : This is relevant during securities trading in each
period; trading occurs after observing the current realization of st :
Mðst Þ þ Bðst Þp Rðst1 ÞBðst1 Þ þ ð1  tðst1 ÞÞIðst1 Þ
þ Mðst1 Þ  Pðst1 Þc1 ðst1 Þ  Pðst1 Þc2 ðst1 Þ:

ð3Þ

Holdings of cash chosen at st are denoted Mðst Þ: Holdings of nominal debt
chosen at st are denoted Bðst Þ; and earn a return of Rðst Þ upon maturity at
date t þ 1: Nominal wealth carried from state st1 to date t (the right-hand side
of the inequality) derives from bond income, after-tax production income, and
excess cash holdings, less consumption purchases made on credit from the previous
period.
Nominal production income at state st (payable at the beginning of date t þ 1)
derives from wage payments, W ðst Þlðst Þ; and proﬁts earned from intermediate goods
producers:
Z 1
t
t
t
Pi ðst Þ di:
ð4Þ
Iðs Þ ¼ W ðs Þlðs Þ þ
0
t

Here, Pi ðs Þ denotes intermediate good ﬁrm i’s proﬁt, for iA½0; 1 : Finally, tðst Þ is a
uniform, distortionary income tax rate levied on both dividend and labor income.
After securities trading, the household supplies labor, lðst Þ; at the nominal wage
W ðst Þ; and buys consumption, c1 ðst Þ and c2 ðst Þ; at the price Pðst Þ: Purchases of the
cash good are subject to a cash-in-advance constraint:
Pðst Þc1 ðst ÞpMðst Þ;

8st :

ð5Þ

State st purchases made in cash are settled at st ; while purchases made on credit are
settled at the beginning of date t þ 1:
This generates the standard ﬁrst-order necessary conditions (FONCs) for the
household:


t
Ul ðst Þ
t W ðs Þ
¼
ð1

tðs
;
ÞÞ
U2 ðst Þ
Pðst Þ

U1 ðst Þ
¼ Rðst Þ;
U2 ðst Þ
P
b stþ1 jst pðstþ1 jst ÞU1 ðstþ1 Þ=Pðstþ1 Þ
1
¼
:
Rðst Þ
U1 ðst Þ=Pðst Þ

ð6Þ
ð7Þ

ð8Þ

Here and in the rest of the paper, U1 ¼ @U=@c1 (similarly for c2 ), and Ul ¼ @U=@l:
Eq. (6) states that the presence of a non-zero tax rate drives a wedge between the
marginal rate of substitution in leisure-consumption and the real wage. Eq. (7) states
that a non-zero nominal interest rate drives a wedge between the marginal
rate of substitution in cash–credit good consumption and the marginal rate of
transformation, which is unity (see Eq. (11) below). Eq. (8) states the standard
pricing formula for a risk-free (non-state-contingent) nominal bond.
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Again, note that the bond return is non-state-contingent: the return at date t is
independent of the event realization, st :3 As a result, nominal wealth carried from
state st1 to date t is independent of the realization, st ; so that:
Mðst Þ þ Bðst Þ ¼ Mðs%t Þ þ Bðs%t Þ;
ð9Þ
%
%
for all st ; s%t following st1 : Of course, the household’s real wealth varies across date t
%
realizations,
depending on the value of Pðst Þ:
2.2. Final good firms
Firms in the ﬁnal good sector transform intermediate goods into output according
to
Y¼

Z

1

0

m
1=m

Yi

di ;

ð10Þ

m > 1;

where Y is ﬁnal output and Yi is input purchased from intermediate good ﬁrm i:
Final goods are transformed linearly into household and government consumption,
so that
c1 ðst Þ þ c2 ðst Þ þ gðst ÞpY ðst Þ;

8st :

ð11Þ

Intermediate good ﬁrms have monopoly power over their particular good i: At the
end of each period, before the realization of next period’s shock, a fraction, vA½0; 1 ;
of these ﬁrms must post their prices for next period; these are the sticky price ﬁrms.
Flexible price ﬁrms post prices after observing the shock. In a symmetric
equilibrium:
Y ðst Þ ¼ ½vYs ðst Þ1=m þ ð1  vÞYf ðst Þ1=m m ;

ð12Þ

where s stands for ‘sticky’ and f stands for ‘ﬂexible’.
The market for ﬁnal goods is perfectly competitive and output is sold at the price
Pðst Þ:4 The representative ﬁnal good ﬁrm’s problem is to choose inputs to maximize
proﬁts:
Pðst ÞY ðst Þ  vPs ðst1 ÞYs ðst Þ  ð1  vÞPf ðst ÞYf ðst Þ;

ð13Þ

when type s and f ﬁrms act symmetrically. Technology displays constant returns to
scale and equilibrium proﬁts in this sector equal zero. Maximization produces the
following FONCs:
Ps ðst1 Þ
¼
Pðst Þ
3

Y ðst Þ
Ys ðst Þ

ðm1Þ=m

;

ð14Þ

This is also true of cash holdings which earn zero interest in all states.
Payment is received both in the form of cash at period t (on sales of c1 ), and cash at the beginning of
period t þ 1 (on sales of c2 and g). Since no interest is earned on cash held ‘overnight’, the law of one price
holds.
4
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ðm1Þ=m

:

ð15Þ

In accordance with the information structure, the sticky price ﬁrm’s price at state
st ; Ps ðst1 Þ; is a function of the history st1 only, and is identical across realizations
of st ; as a result:
Y ðst Þ ðm1Þ=m
Y ðs%t Þ ðm1Þ=m
¼ Pðs%t Þ
;
ð16Þ
Pðst Þ
%t
Ys ðs%t Þ
% Y s ðs Þ
%
for all st ; s%t following st1 : The value of Ys ðst Þ differs across date t realizations since
demand% depends on the relative price, Ps ðst1 Þ=Pðst Þ:
2.3. Intermediate good firms
Each intermediate good ﬁrm iA½0; 1 produces a differentiated good according to
Yi ¼ Lai ;

ap1:

ð17Þ

Labor is hired from a perfectly competitive labor market at the nominal wage rate
W : Considering ao1 allows for an additional degree of curvature in studying the
distortions due to asymmetry in prices and, consequently, asymmetry in labor
allocations across ﬂexible and sticky price ﬁrms.
2.3.1. Flexible price firms
After observing the current state, st ; the representative ﬂexible price ﬁrm sets its
price to maximize proﬁt:
Pf ðst Þ ¼ Pf ðst ÞYf ðst Þ  W ðst ÞLf ðst Þ;

ð18Þ

taking the ﬁnal good ﬁrm’s demand, (15), as given. The FONC for this problem:
Pf ðst Þ ¼

m
W ðst ÞLf ðst Þ1a ;
a

ð19Þ

states the familiar condition that labor is hired up to the point where the nominal
wage is equal to a fraction, 1=m; of its marginal revenue product.
2.3.2. Sticky price firms
Before observing st ; the representative sticky price ﬁrm’s problem is to choose a
price, Ps ðst1 Þ; identical across states st following st1 ; to maximize:
X
pðst jst1 ÞQðst Þ½Ps ðst1 ÞYs ðst Þ  W ðst ÞLs ðst Þ :
ð20Þ
st jst1

The term in square brackets is the ﬁrm’s state st proﬁt, Ps ðst Þ: The sticky price ﬁrm
takes the marginal value of dividends, Qðst Þ ¼ ð1  tðst ÞÞU2 ðst Þ=Pðst Þ; and the ﬁnal
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good ﬁrm’s demand, (14), as given. The FONC for this problem reads
h
i
X
m
pðst jst1 ÞQðst ÞPðst Þm=ðm1Þ Y ðst Þ Ps ðst1 Þ  W ðst ÞLs ðst Þ1a ¼ 0:
a
st jst1

ð21Þ

2.4. Government
Government consumption, gðst Þ; is determined exogenously and transits between
fg; gg
% with symmetric transition probability rAð0; 1Þ: The government purchases
% t Þ on credit, and faces a ﬂow budget constraint:
gðs
Mðst Þ þ Bðst ÞXMðst1 Þ þ Rðst1 ÞBðst1 Þ þ Pðst1 Þgðst1 Þ  tðst1 ÞIðst1 Þ:

ð22Þ

This must be satisﬁed for all st through the appropriate choice of taxation, nominal
non-state-contingent debt issue, and inﬂation (via money creation) which induces expost variation in the real value of outstanding liabilities.5

3. Characterizing equilibrium
An equilibrium in which intermediate good ﬁrms of each type behave
symmetrically is deﬁned in the usual way.
Deﬁnition 1. Given the household’s initial real claims on the government, a0 > 0;
and the stochastic process, fgðst Þg; a symmetric equilibrium is an allocation, fc1 ðst Þ; c2 ðst Þ; lðst Þ; Lf ðst Þ; Ls ðst Þ; Y ðst Þ; Yf ðst Þ; Ys ðst Þ; Bðst Þg; price system, fRðst Þ; Pðst Þ; Pf ðst Þ; Ps ðst1 Þ; W ðst Þg; and government policy, fMðst Þ; tðst Þg;
such that:
*

*
*
*

*
*

fc1 ðst Þ; c2 ðst Þ; lðst Þ; Mðst Þ; Bðst Þg solves the household’s problem subject to the
sequence of household budget constraints and cash-in-advance constraints;
fY ðst Þ; Yf ðst Þ; Ys ðst Þg solves the ﬁnal good ﬁrm’s problem;
fPf ðst Þ; Lf ðst Þ; Yf ðst Þg solves the ﬂexible price ﬁrm’s problem;
Ps ðst1 Þ solves the sticky price ﬁrm’s problem (with Ls ðst Þ and Ys ðst Þ being demand
determined);
the sequence of government budget constraints is satisﬁed;
the labor market clears:
lðst Þ ¼ vLs ðst Þ þ ð1  vÞLf ðst Þ;

*

8st ;

ð23Þ

and Rðst ÞX1; 8st :

5
Note that the role of inﬂation in generating state-contingent returns can be alleviated by providing the
government with additional tax instruments. Possibilities include explicit state-contingent debt, non-statecontingent debt with a sufﬁciently rich maturity structure (see Angeletos, 2002; Buera and Nicolini, 2001),
capital taxation (see Chari et al., 1991), or consumption taxation (see Correia et al., 2003). Chari and
Kehoe (1999) provide further discussion.
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The ﬁnal condition ensures that the consumer does not ﬁnd it proﬁtable to buy
money and sell bonds, so that the cash-in-advance constraint holds with equality.6
Bond market clearing at each state has been implicitly assumed, as both issues and
holdings are denoted by the single variable, Bðst Þ; the same is true of money, Mðst Þ:
Clearing in the market for each intermediate good i has also been implicitly assumed,
with purchases and production denoted by Yi ðst Þ: Clearing in the ﬁnal goods market
is satisﬁed by Walras’ Law.7
Finally, note that it is initial real, as opposed to nominal, claims that are taken as
given. This ensures that the initial price level, Pðs0 Þ; cannot be used by the
government to generate zero real indebtedness or arbitrarily large revenues at date 0.
As such, Pðs0 Þ is normalized to unity. This has the additional consequence of
ensuring that Ps ðs1 Þ ¼ Pðs0 Þ; so that the results across ﬂexible and sticky price
models are not driven simply by the treatment of date 0:
3.1. The primal approach
To simplify the analysis of optimal policy, I adopt the approach of characterizing
equilibrium in primal form. This involves restating the equilibrium conditions in
terms of real allocations alone. In Proposition 2, I show that equilibrium imposes
ﬁve constraints on the allocation for consumption and labor. As well, given
consumption and labor that satisfy these constraints, it is possible to recover the
equilibrium values for the remaining allocation, price, and policy variables.
The ﬁrst two primal form constraints guarantee that Rðst ÞX1 and that the ﬁnal
goods market clears:
U1 ðst ÞXU2 ðst Þ;

ð24Þ

c1 ðst Þ þ c2 ðst Þ þ gðst Þ ¼ F ðst Þ;

ð25Þ

where F ðst Þ ¼ ½vLs ðst Þa=m þ ð1  vÞLf ðst Þa=m m : These must hold 8st : Call these the no
arbitrage and aggregate resource constraints.
The third constraint ensures that the government’s budget is balanced in present
value:
N X
X
t¼0

bt pðst ÞCðst Þ ¼ U1 ðs0 Þa0 :

ð26Þ

st

Here, Cðst Þ ¼ U1 ðst Þc1 ðst Þ þ U2 ðst Þc2 ðst Þ þ Ul ðst ÞLðst Þ is the utility value of the
government’s real budget surplus at st (this is shown below), and Lðst Þ ¼ ðm=aÞ½ð1 
vÞLf ðst Þ þ vLf ðst Þ1ða=mÞ Ls ðst Þa=m : Eq. (26) is the standard implementability constraint
modiﬁed to account for: (i) monopolistic competition in intermediate goods and
(ii) asymmetry between ﬂexible and sticky price ﬁrms. The fourth constraint is a
6

When Rðst Þ ¼ 1; the return to money and bonds are equal and the assets are redundant. To resolve this,
I adopt the convention that the cash-in-advance constraint is binding in these states.
7
This can be veriﬁed by combining the two budget constraints (holding with equality), labor market
clearing, and the ﬁnal good ﬁrm’s FONCs.

ARTICLE IN PRESS
H.E. Siu / Journal of Monetary Economics 51 (2004) 575–607

584

rewriting of the sticky price firm’s FONC in terms of real allocations:
X
pðstþ1 jst ÞUl ðstþ1 Þhðstþ1 Þ ¼ 0; 8st ;

ð27Þ

stþ1 jst

where hðstþ1 Þ ¼ Lf ðstþ1 Þ1ða=mÞ Ls ðstþ1 Þa=m  Ls ðstþ1 Þ:
The ﬁnal constraint is the sticky price constraint. This condition ensures that Ps ðst Þ
is identical across realizations of stþ1 : Given that government spending takes on two
possible values, g and g;
% this constraint is
%
N
X
X
X
Cðstþr Þ
¼ 0; 8st ;
dðstþ1 ÞAðstþ1 Þ
br pðstþr jstþ1 Þ
ð28Þ
tþ1 Þ
U
ðs
1
r¼1 stþr jstþ1
stþ1 jst
where

(

dðstþ1 Þ ¼

1;
þ1;

if gtþ1 ¼ g;
%
if gtþ1 ¼ g;
%

"

tþ1

Aðs

Ls ðstþ1 Þ
Þ ¼ ð1  vÞ
Lf ðstþ1 Þ

ð29Þ
#1m

a=m

þv

:

ð30Þ

Proposition 2. In any symmetric equilibrium, the allocation for consumption and labor,
fc1 ðst Þ; c2 ðst Þ; Lf ðst Þ; Ls ðst Þg; must satisfy the five constraints, (24)–(28). Furthermore, given sequences fc1 ðst Þ; c2 ðst Þ; Lf ðst Þ; Ls ðst Þg that satisfy these constraints, it is
possible to construct all of the remaining equilibrium real allocation, price and policy
variables.
Proof. Denote the real wage and real bond holdings by wðst Þ  W ðst Þ=Pðst Þ and
bðst Þ  Bðst Þ=Pðst Þ; respectively. I ﬁrst show that any equilibrium allocation must
satisfy (24)–(28). Deriving (24) and (25) requires only straightforward substitution.
Since the government’s budget constraint and (25) together imply that the
household’s budget constraint holds with equality, to derive the implementability
constraint start with the household’s date t budget constraint. Multiply this by
bt pðst ÞU1 ðst Þ=Pðst Þ; and sum over all st and t: Using the transversality condition:
lim br pðsr ÞU1 ðsr Þbðsr Þ ¼ 0;

r-N

8sr ;

ð31Þ

together with (7), (8), and (5), this simpliﬁes to
N X
X
t¼0

bt pðst ÞfU1 ðst Þc1 ðst Þ þ U2 ðst Þ½c2 ðst Þ  nðst Þ g ¼ U1 ðs0 Þa0 :

ð32Þ

st

Here, nðst Þ ¼ ð1  tðst ÞÞ½ð1  vÞPf ðst Þ þ vPs ðst Þ þ W ðst Þlðst Þ =Pðst Þ is real after-tax
production income at st : Using (15), (14), (19), and (23), nðst Þ ¼ Lðst Þð1  tðst ÞÞwðst Þ:
Using (6) and substituting above obtains (26).
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To get the sticky price ﬁrm’s FONC in terms of real allocations, substitute in (6)
to obtain
i
X
Pðst Þm=ðm1Þ Y ðst Þh
m
t1
t
t 1a
W
ðs
P
pðst jst1 ÞUl ðst Þ
ðs
Þ

ÞL
ðs
Þ
¼ 0:
ð33Þ
s
s
W ðst Þ
a
st jst1
Using (15), (14), (19), and multiplying by Ps ðst1 Þm=ð1mÞ (a constant across states st
following st1 ), results in expression (27).
The sticky price constraint ensures that the price Ps ðst1 Þ is identical across states
t
s% and st following st1 ; as stated in (16). From the household’s date t budget
%
constraint:
Pðst Þ
Rðst1 Þbðst1 Þ þ ð1  tðst1 ÞÞY ðst1 Þ  c2 ðst1 Þ
¼
:
Pðst1 Þ
c1 ðst Þ þ bðst Þ

ð34Þ

Substitute (34) into (16) and divide by Pðst1 Þ to obtain
Ls ðst Þa ðm1Þ=m
:
ð35Þ
%
Y ð st Þ
%
Take the household’s date r budget constraint, multiply by br pðsr ÞU1 ðsr Þ=Pðsr Þ; and
sum over states sr following st for rXt þ 1 to get
N
X
X
Cðsr Þ U2 ðst Þ
Ul ðst Þ
þ
c2 ðst Þ þ
Lðst Þ:
brt pðsr jst Þ
ð36Þ
bðst Þ ¼
t
t
tÞ
U
U
U
ðs
Þ
ðs
Þ
ðs
1
1
1
r¼tþ1 sr jstþ1
½c1 ðs%t Þ þ bðs%t Þ

Ls ðs%t Þa
Y ðs%t Þ

ðm1Þ=m

¼ ½c1 ðst Þ þ bðst Þ
%
%

To obtain (28), substitute this into (35) for bðs%t Þ and bðst Þ:
%
Given sequences fc1 ðst Þ; c2 ðst Þ; Lf ðst Þ; Ls ðst Þg that satisfy
(24)–(28), the remaining equilibrium variables are constructed as follows. Real balances at st are given by
Mðst Þ=Pðst Þ ¼ c1 ðst Þ: The gross risk-free rate of return is Rðst Þ ¼ U1 ðst Þ=U2 ðst Þ:
Aggregate output is Y ðst Þ ¼ F ðst Þ: Relative prices are given by (14) and (15). From
(19) the real wage is
a Pf ðst Þ
Lf ðst Þa1 :
wðst Þ ¼
ð37Þ
m Pðst Þ
From (6) the tax rate is
Ul ðst Þ
:
tðst Þ ¼ 1 þ
U2 ðst Þwðst Þ

ð38Þ

Real government debt at st is given by (36). Finally, the gross rate of inﬂation
between states st and st1 is given by (34). &
For models in which the government has access to a complete set of tax
instruments, the primal form is characterized only by constraints (24)–(26) (with
Lf ðst Þ ¼ Ls ðst Þ; 8st ). This is true when the government is able to issue explicit statecontingent debt (see Lucas and Stokey, 1983), or when inﬂation acts costlessly to
render nominal non-state-contingent debt state-contingent in real terms (see Chari
et al., 1991; and Appendix A). In the face of stochastic shocks, tax distortions can be
smoothed across states of nature in these models. However, sticky prices moves
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policy away from this complete instruments result. The presence of sticky prices adds
to (24)–(26) the inﬁnite sequence of cross-state constraints, (28)—one at each state,
st —to the set of feasible equilibria.8 The implications of this for the nature of optimal
tax smoothing are discussed in Section 5.

4. The Ramsey problem
The Ramsey planner’s problem is the following: ﬁnd the ﬁscal and monetary
policy that induces symmetric equilibrium associated with the highest value of the
household’s expected lifetime utility. Call this equilibrium the Ramsey equilibrium.
Speciﬁcally, the government commits to its chosen policy at the beginning of time; in
all periods, maximizing agents behave taking this policy plan as given.9
In light of Proposition 2, solving for the Ramsey equilibrium is equivalent to
ﬁnding the consumption and labor allocation that maximizes the household’s utility
subject to constraints (24)–(28). Let fdðst Þg; fyðst Þg; l; fZðst Þg; and fxðst Þg;
respectively, be the multipliers associated with these constraints in the Lagrange
formulation of the problem. For tX1; the FONCs for consumption are:
Uj ðst Þ þ dðst Þ½U1j ðst Þ  U2j ðst Þ þ Zðst1 ÞUlj ðst Þhðst Þ
"
#
t1
rþ1
X
Þ
r * rþ1 Aðs
xðs Þdðs Þ
þ lþ
Cj ðst Þ
rþ1 Þ
U
ðs
1
r¼0
t

t

* t Þ Aðs ÞU1j ðs Þ qðst Þ ¼ yðst Þ;
 xðst1 Þdðs
½U1 ðst Þ 2

ð39Þ

* t Þ ¼ dðst Þ=pðst jst1 Þ
for
Cj ¼ @C=@cj ; dðs
and
qðst Þ ¼
PN Pj ¼ 1; r2: tþrHere,
t
tþr
js ÞCðs Þ is the present (utility) value of real government budget
r¼0
stþr jst b pðs
surpluses from state st onward (this is shown below). The FONC for Ls ðst Þ is
vUl ðst Þ þ dðst Þv½U1l ðst Þ  U2l ðst Þ þ Zðst1 Þ½vUll ðst Þhðst Þ
"
#
t1
rþ1
X
Þ
t
t
r * rþ1 Aðs
xðs Þdðs Þ
þ Ul ðs Þhs ðs Þ þ l þ
Cs ðst Þ
rþ1 Þ
U
ðs
1
r¼0
* tÞ
þ xðst1 Þdðs

As ðst Þ t
qðs Þ ¼ yðst ÞFs ðst Þ:
U1 ðst Þ

ð40Þ

Here, hs ¼ @h=@Ls and similarly for the functions C; A; and F : An analogous FONC
holds for Lf ðst Þ:
The complete instruments case drops constraints (27) and (28) from the primal
representation, so that the terms involving fZðst Þg and fxðst Þg are omitted from the
Ramsey problem and its associated FONCs. As a result, the implementability
8

Price rigidity also introduces the inﬁnite sequence of constraints, (27), to the primal form. However,
without sticky prices, (27) would hold trivially in any symmetric equilibrium, with Lf ¼ Ls :
9
For discussion of time consistency issues and the relationship to Stackelberg equilibrium see Lucas and
Stokey (1983), Chari et al. (1995), and Woodford (1998).

ARTICLE IN PRESS
H.E. Siu / Journal of Monetary Economics 51 (2004) 575–607

587

constraint provides the sole cross-state link, so that the FONCs depend only on state
st variables and the value of l: With sticky prices, the entire infinite history, sN ;
matters for optimal st decisions due to the inclusion of the two sequences of crossstate restrictions, (27) and (28). Further discussion is presented in Section 6.
4.1. Optimality of the Friedman Rule
In the rest of this section, I present results on the optimality of the Friedman Rule.
In particular, for the class of utility functions (2), it is possible to show the following:
Proposition 3. For the imperfectly competitive, cash–credit good model with sticky
prices, the Friedman Rule is not optimal; that is, Rðst Þ ¼ 1 does not hold 8st in the
Ramsey equilibrium.
Proof. There are two cases in which Rðst Þ  U1 ðst Þ=U2 ðst Þ ¼ 1 holds in the Ramsey
equilibrium: (a) U1 ðst Þ ¼ U2 ðst Þ is ‘unconstrained optimal’, or (b) dðst Þ > 0 and
U1 ðst Þ ¼ U2 ðst Þ is ‘constrained optimal’. I ﬁrst show that case (a) cannot hold at any
st ; tX1: Suppose U1 ðst Þ ¼ U2 ðst Þ is unconstrained optimal. Drop constraint (24) and
equate the FONCs of the Lagrange problem with respect to c1 ðst Þ and c2 ðst Þ; tX1:
Since U1l =U1 ¼ U2l =U2 and C1 =U1 ¼ C2 =U2 for preferences satisfying (2), this
simpliﬁes to
* tÞ
xðst1 Þdðs

Aðst Þ
qðst Þ½U11 ðst Þ  U12 ðst Þ ¼ 0;
U1 ðst Þ

ð41Þ

where qðst Þ > 0: Since the sticky price constraint, (28), is binding in the Ramsey
equilibrium, xðst Þa0: Hence, (41) holds iff U11 ðst Þ ¼ U12 ðst Þ; this is a contradiction
since U11 ðst ÞoU12 ðst Þ for U1 ðst Þ ¼ U2 ðst Þ and preferences satisfying (2). Therefore,
case (a) cannot hold at any st ; tX1:
It remains to show that case (b) cannot hold for all st : Suppose dðst Þ > 0 and
U1 ðst Þ ¼ U2 ðst Þ; for all st ; tX1: Equate the FONCs of the Lagrangian with respect to
c1 ðst Þ and c2 ðst Þ; tX1; to get:
dðst ÞU1 ðst Þ 1 þ

t
c1 ðst Þ
t1 * t Aðs Þ
qðst Þ:
Þ
dðs
Þ
¼
xðs
c2 ðst Þ
U1 ðst Þ

ð42Þ

Since xðst1 Þ is constant across states st following st1 ; and dðst Þ ﬂuctuates between
f1; þ1g; dðst Þ > 0 is contradicted. Hence, case (b) cannot hold for all st ; and
therefore, the Friedman Rule is not optimal. &
This stands in contrast to the result for the analogous ﬂexible price model (in
which all date t prices are set after observing the realization of st ). In this case,
optimality of the Friedman Rule holds for a more general class of utility functions,
which includes (2). In Appendix A, I analyze the ﬂexible price model and prove the
following:
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Proposition 4. Let preferences be homothetic in cash and credit good consumption, and
weakly separable in leisure. Then, for the imperfectly competitive, cash–credit good
model with flexible prices, the Friedman Rule is optimal.
Evidently, non-optimality of the Friedman Rule stems from the presence of sticky
prices, and in particular, the sticky price constraint, (28), which restricts the set of
feasible equilibria relative to the (complete instruments) case with ﬂexible prices.
Further discussion of this is contained in the following section. Also, note that this
result differs from that emphasized in Schmitt–Grohe! and Uribe (2001), who
consider an imperfectly competitive monetary model with ﬂexible prices. In their
model, the Friedman Rule is not optimal—even without sticky prices—due to an
assumption that proﬁt income is untaxed. Indeed, if I modify the ﬂexible price, cash–
credit good economy studied in Appendix A so that proﬁt income goes untaxed, the
Friedman Rule breaks down as well. Further discussion of this result, as well as its
relationship to the ‘uniform commodity taxation rule’ is contained in Appendix A.

5. The sticky price constraint
The introduction of sticky prices causes the optimality of the Friedman Rule to
break down. Price rigidity also causes Ramsey tax rates and real bond holdings to
display a higher degree of persistence than that of the underlying shocks. Both of
these features are better understood upon closer inspection of the sticky price
constraint, (28). This constraint requires that the present value of real government
budget surpluses be equated across states st and s%t following st1 ; up to the factor
%
Aðst Þ=Aðs%t Þ: That is:
%
Proposition 5. For states st and s%t following st1 ; tX1; the sticky price constraint can
%
be restated as
Aðst ÞPVðst Þ ¼ Aðs%t ÞPVðs%t Þ;
%
%

ð43Þ

where
PVðst Þ ¼

N X
X
r¼t

þ

sr jst
r

brt pðsr jst Þ

Mðs Þ Rðsr Þ  1
Pðsr Þ
Rðsr Þ

U1 ðsr Þ tðsr ÞY ðsr Þ  gðsr Þ
U1 ðst Þ
Rðsr Þ
:

ð44Þ

See Appendix B for the derivation. In the expression for PVðst Þ; the ﬁrst term in
square brackets is the government’s real primary budget surplus at sr ; rXt; adjusted
for the timing on spending and tax revenue in the government’s budget constraint.
The second term is the real interest savings the government earns from issuing money
relative to debt. Evidently, PVðst Þ is the present value of government surpluses
(from all sources) from state st onward.
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Fig. 1. Resource misallocation costs. Measured as percentage deviation in actual output from latent
output due to asymmetry in labor across ﬂexible and sticky price ﬁrms.

This constraint summarizes the trade-off between cross-state tax smoothing and
resource misallocation faced by the Ramsey planner. To see this, ﬁrst note that in
any equilibrium, the government’s real liabilities at st must be exactly equal to the
present value stream of real surpluses earned from st onward. Second, the term Aðst Þ
depends on the degree of resource misallocation at state st : To see this, consider the
term:
"
#m 
a
Ls a=m
Ls
O¼1 v
þ1  v
v
þ1v ;
ð45Þ
Lf
Lf
which measures the percentage deviation of actual output from ‘latent’ output,
½vLs þ ð1  vÞLf a ; due to asymmetry in labor across sticky and ﬂexible price ﬁrms.
This is plotted in Fig. 1 for v ¼ 0:25:10 This measure of output loss is zero when
Ls =Lf ¼ 1; and positive whenever the ratio Ls =Lf deviates from unity. Note also that
10

The plot of the misallocation cost function is asymmetric for two reasons: (1) the endpoints of the
plotted range represent disproportionate deviations of Ls =Lf from unity (at Ls =Lf ¼ 2; Ls is 100% greater
than Lf ; while at Ls =Lf ¼ 0; Ls is inﬁnitely smaller than Lf ), and (2) va0:5: Misallocation costs are in fact
symmetric for proportionate deviations from unity when v ¼ 0:5:
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increasing m and decreasing a accentuates the concavity of ﬁnal goods production (as
a function of either Ls or Lf ), resulting in larger misallocation costs. Hence,
deviations in Aðst Þ from unity represent periods in which misallocation costs are nonzero. For states following st1 ; the sticky price constraint requires that the real value
of government liabilities be equalized up to the factor Aðst Þ=Aðs%t Þ:
This cross-state restriction is obviously absent from %the ﬂexible price model.
Indeed, Chari and Kehoe (1999) show that with ﬂexible prices, optimality entails
PVðst Þ > PVðs%t Þ:11 Given that nominal government liabilities inherited at date t are
equal% across states (see Eq. (9)), a jump in the price level in the high spending state
drives down the real value of liabilities, PVðs%t Þ; relative to PVðst Þ in the low
%
spending state. This allows tax distortions to be smoothed across states
of nature
while maintaining government budget balance.
With sticky prices, constraint (43) states that this use of state-contingent inﬂation
cannot be achieved costlessly. In situations where it is optimal to use inﬂation for tax
smoothing purposes (so that PVðst Þ > PVðs%t Þ), the Ramsey planner must tolerate
% by deviations of Aðst Þ=Aðst Þ from unity. In
resource misallocation, represented
%
%
situations where the costs of misallocation dominate the beneﬁts
of cross-state tax
smoothing, labor allocations across sticky and ﬂexible price ﬁrms are close to
symmetric. This is manifested as Aðst ÞC1 and PVðst ÞCPVðs%t Þ:
% can be interpreted as an
In the latter case, the sticky price constraint
approximation to the constraint found in the following model: a real economy
(without money or sticky prices) in which state-contingent returns on debt are
explicitly ruled out. This is exactly the environment considered in Aiyagari et al.
(2002), who partially revive the intertemporal tax smoothing result of Barro (1979).
With non-state-contingent real returns, the government’s real liabilities at date t are
determined one period in advance. Hence, when the model of Aiyagari et al. (2002) is
simpliﬁed so that government spending takes on only two values, the sequence of
constraints imposed by incomplete contingent claims markets is
PVðst Þ ¼ PVðs%t Þ;
%

ð46Þ

for states st and s%t following st1 : For a derivation of this, see Appendix B. In the
% model with Aðst ÞC1; PVðst ÞCPVðst Þ: Hence, the restrictions on the
sticky price
%
%
set of feasible equilibria imposed by sticky
prices and incomplete markets are
approximately equivalent. In both environments the government lacks a complete
set of tax instruments, and tax smoothing across states of nature is replaced with tax
smoothing over time; this is manifested in the persistence properties of tax rates and
real government debt.
Finally, to better understand Proposition 3, consider a deviation from the
Friedman Rule. Raising the nominal interest rate from zero has two ﬁrst-order
effects on PVðst Þ: it decreases the real value of the time-adjusted primary surplus
and increases the real value of interest savings. Since the primary surplus is orders of
magnitudes greater than interest savings, an increase in the nominal rate decreases
11

This is true even in the case of i.i.d. shocks, since PVðst Þ includes the current period surplus.
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the present value of surpluses.12 Hence with sticky prices, the Ramsey planner uses a
positive nominal interest rate during periods of low spending to decrease PVðst Þ and
help satisfy the sticky price constraint. This alleviates the need to use % statecontingent inﬂation which results in resource misallocation.

6. A recursive solution method
As shown in Appendix A, equilibrium with ﬂexible prices can be characterized as
allocations that satisfy constraints, (24)–(26). As a result, optimal consumption and
labor allocations at state st are stationary functions of only the current realization of
government spending, gt ; and the value of l associated with the implementability
constraint, (26). This is because the only cross-state effect of the allocation at st is
through its effect on the current utility value of the real government budget surplus,
Cðst Þ; in maintaining present value budget balance. This makes the ﬂexible price
model particularly tractable, and exact solutions can be found (see Chari and Kehoe,
1999; and Schmitt–Grohe! and Uribe, 2001 for discussion).
This stationarity result does not hold for the sticky price model due to the
presence of the additional cross-state constraints, (27) and (28). The appearance
of future Cðstþr Þ terms—for all stþr following st ; rX1—in the current state st
sticky price constraint makes the problem difﬁcult to solve. As a consequence,
the Ramsey planner’s st choice of allocation, and the resulting value of Cðst Þ;
affects not only the implementability constraint, but also all sticky price constraints
along the history up to st : This can be seen in the Ramsey planner’s FONCs, (39)
and (40).
To understand this, consider an increase in PVðsr Þ; the present value of real
surpluses earned from sr onward. From the state sr1 sticky price constraint, the
value of this perturbation in terms of lifetime utility is given by
br pðsr1 Þxðsr1 Þdðsr ÞAðsr Þ:13 Note, however, that the utility value of the real surplus
earned at st ; Cðst Þ; impacts every present value term along the history leading to st :
As a result, a perturbation in Cðst Þ impacts every sticky price constraint along the
history st ; for any state sr leading to st (with rot), the value of a perturbation in Cðst Þ
is given by
bt pðst Þ

xðsr1 Þdðsr ÞAðsr Þ
:
pðsr jsr1 ÞU1 ðsr Þ

ð47Þ

12
For the baseline sticky price model presented below, the average simulated value of the primary
surplus is 1800 times greater than that of interest savings.
13
Recall that optimal policy with ﬂexible prices involves PVðsr Þ > PVðs%r Þ so that the sticky price
%
constraint is strictly binding. Hence, the value of an increase in PVðsr Þ is negative when gr ¼ g; since this
%
exacerbates satisfying the sticky price constraint. Conversely, when gr ¼ g% a positive perturbation of
PVðsr Þ is beneﬁcial so that br pðst1 Þxðsr1 Þdðsr ÞAðsr Þ is positive. These results, together with the deﬁnition
of dðsr Þ; imply that xðsr Þ > 0 for all sr :
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To account for this, as well as the effect of Cðst Þ on the implementability constraint,
deﬁne the pseudo-state variable:
kðst1 Þ ¼ l þ

t1
X
r¼0

r
* r Þ Aðs Þ ;
xðsr1 Þdðs
U1 ðsr Þ

tX2;

ð48Þ

* r Þ ¼ dðsr Þ=pðsr jsr1 Þ: Since the initial state, s0 ; is given, kðst1 Þ ¼ l for t ¼
where dðs
0; 1: This variable summarizes the inﬂuence of Cðst Þ on the implementability
constraint and the sequence of sticky price constraints along the history st ; and
evolves according to the law of motion:
* t ÞAðst Þ;
kðst Þ ¼ kðst1 Þ þ xðst1 Þdðs

tX1:

ð49Þ

As discussed in Marcet and Marimon (1999), this pseudo-state variable captures the
impact of past events on the choice of current allocations.
An additional consequence of the sticky price constraint is that future surpluses
impacts upon current allocations. To this end, I write the present utility value of real
budget surpluses from st onward as qðst Þ:
N X
X
qðst Þ ¼
br pðstþr jst ÞCðstþr Þ:
ð50Þ
r¼0 stþr jst

For tX1; this function is deﬁned recursively as
X
pðstþ1 jst Þqðstþ1 Þ:
qðst Þ ¼ Cðst Þ þ b

ð51Þ

stþ1 jst

This summarizes the impact of future decision variables upon decisions at the
current state.
These deﬁnitions allow for a recursive representation of the Ramsey problem.
Speciﬁcally, optimal allocations for tX1 are stationary in the state ðkðst1 Þ; gt j gt1 Þ:
Accordingly, denote:
*
*

ðgt j gt1 Þ by G; where GAfðgjgÞ; ðgj
% gÞ; ðgjgÞ;
% ðgj
% gÞg;
% and
% %
kðst1 Þ by k; where kAR: % %

For the sake of exposition, I continue to use the ‘ j ’ relation to denote the timing of
shocks; therefore, ðgj
% gÞ represents ‘g% at date t following g at date t  1’. Hence,
% t Þ and L ðst Þ; as well as the present value
%
allocations such as c1 ðs
qðst Þ; are stationary
f
functions denoted c1 ðk; GÞ; Lf ðk; GÞ; and qðk; GÞ: The multipliers on the cross-state
constraints, (27) and (28), are stationary functions in ðkðst1 Þ; gt1 Þ; that is, Zðst1 Þ ¼
Zðk; g1 Þ and similarly for xðst1 Þ; where g1 Afg; gg
% denotes the realization of
government spending at date t  1: Finally, the% pseudo-state variable evolves
according to
*
k0 ¼ k þ xðk; g1 ÞdðGÞAðk;
GÞ:
ð52Þ
Dependence of real variables (such as real debt holdings) and policy variables (such
as tax rates) on k imparts a persistent component to these objects.

ARTICLE IN PRESS
H.E. Siu / Journal of Monetary Economics 51 (2004) 575–607

593

Chari et al. (1995) show that inference on the quantitative properties of policies
and prices are sensitive to the choice of solution method. In particular, they ﬁnd that
non-linear approximations provide important accuracy improvements relative to
linearization methods. Moreover, the presence of the occasionally binding
constraint, Rðst ÞX1; is problematic for standard linearization techniques. As a
result, I develop a non-linear method to solve the Ramsey problem. Details of the
solution algorithm are presented in an appendix to Siu (2002). Key to the technique
is ﬁnding a non-linear approximation to the function:
X
qðk; GÞ ¼ Cðk; GÞ þ b
pðG0 Þqðk0 ; G0 Þ; 8ðk; GÞ;
ð53Þ
G0

which characterizes the Ramsey equilibrium. This is done using the projection
methods described in Judd (1992a). Because the solution technique does not rely on
remaining within a neighborhood of the model’s steady-state, I am also able to study
optimal policy for both small and large government spending shocks.

7. Quantitative results
In this section I present results illustrating the quantitative properties of the
Ramsey equilibrium with sticky prices. As a benchmark, I also present results for the
analogous ﬂexible price model.
7.1. Parameterization
The values of b and s are set to 0.97 and 1.25, respectively, which are typical
values for models calibrated to annual data (see for instance, Chari et al., 1991; Jones
et al., 2000). The elasticity and share parameters in consumption are set to f ¼ 0:79
and g ¼ 0:62; these are estimated from the money demand regression described in
Chari et al. (1991) upon data from 1960:I to 1999:IV. The value of c is set so that in
steady-state, 30% of the household’s time is spent working.
For the baseline case, the value of m is set to 1.05. This is somewhat smaller than
that used in other quantitative sticky price models, but is closer to the estimates of
Basu and Fernald (1997).14 Since the degree of resource misallocation is increasing in
m (see Fig. 1), this was chosen conservatively to ensure that the baseline
parameterization does not overstate the case for inﬂation stability. For similar
reasons, the value of labor’s share of income, a; is initially set to unity. The steadystate ratio of government spending to GDP is 20%: The persistence parameter,
r ¼ 0:95; and the values of g% and g are chosen to match the autocorrelation and 6:7%
standard deviation of annual US% data from 1960 to 1999.
Initial real claims on the government are set so that in the stationary equilibrium
of the ﬂexible price model, the government’s real debt to GDP ratio is 0.75. This is
somewhat larger than the value considered in Chari et al. (1991); it is also larger than
14

Chari et al. (2000) and Khan et al. (2000) consider m ¼ 1:11:
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the ratio of privately held government debt to GDP observed in the US, which
averaged 0.41 from 1960 to 1999, and 0.45 since the Reagan administration.15
However, choosing a0 to match this statistic would underestimate the true value of
nominal liabilities held against the government by the US private sector. For
instance, Judd (1992b) argues that the stock of unused capital depreciation
allowance incorporated in the tax code is valued between 25% and 33% of
GDP.16 In addition, the real value of non-indexed government expenditures such as
wage and transfer payments depends on the ex-post realization of inﬂation.17 The
value chosen here is an estimate based on these considerations. Finally, in the sticky
price model the fraction of sticky price ﬁrms for the baseline case is set at 5%.
7.2. Volatility
Simulation results for the baseline ﬂexible and sticky price models are reported as
case (a) of Table 1, where all rates are expressed as annual percentages. From
Proposition 4, the Friedman Rule is optimal with ﬂexible prices. With sticky prices,
despite the breakdown of the Friedman Rule, optimal nominal interest rates are still
close to zero. The value of the interest rate depends largely on the realization of
government spending, G: When current spending is high, irrespective of the previous
spending shock (or the value of the pseudo-state variable), the interest rate is
constrained by the 0% lower bound. When current spending is low, the interest rate
is positive. The interest rate has a mean of 0:20% in continuation states, ðgjgÞ; and
%%
attains its largest values in transition states ðgjgÞ;
% where the maximum simulated
%
value is 3:57%:
More striking is the impact on the volatility of the income tax and inﬂation rates
due to the introduction of sticky prices. When the fraction of sticky price ﬁrms
increases from 0% to 5%, the standard deviation of the Ramsey tax rate increases by
a factor of 17; the standard deviation of the inﬂation rate falls by a factor of 16. At
5% sticky prices, the volatility of inﬂation is remarkably small. If the inﬂation rate
was normally distributed, 90% of observations would lie between 3:48% and
2:19%: The analogous interval for the ﬂexible price model is bounded by 12:74%
and 7:56%:18
In fact, optimal inﬂation volatility is small even when the degree of price rigidity is
less than that displayed in Table 1. Fig. 2 plots the standard deviation of the Ramsey
inﬂation rate on the left-scale (solid line) at various values of v: Inﬂation volatility
15

The corresponding averages for the ratio of privately held federal government debt to GDP are 0.31
and 0.37.
16
See Judd (1992b) also for a discussion on the effects of unanticipated inﬂation on real tax liabilities
due to the differential treatment of corporate and personal income tax liabilities.
17
To obtain a gauge on the value of these current liabilities, note that the ratio of government wages to
GDP is approximately 0.10, and the corresponding ratio for Social Security payments is approximately
0.04.
18
During the completion this paper, I have learned of independent work by Schmitt–Groh!e and Uribe
(2002) who present similar results in a model where costs of inﬂation are imposed as a quadratic cost of
price adjustment.
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Table 1
Quantitative properties with ﬂexible and sticky prices
Rate (annual %)

(b) a ¼ 0:64

(a) Baseline
Flexible

5% Sticky

Flexible

(c) m ¼ 1:01
5% Sticky

Flexible

5% Sticky

Nominal interest
Mean
Std. deviation
Autocorrelation

0
N=A
N=A

0.162
0.509
0.021

0
N=A
N=A

0.133
0.439
0.019

0
N=A
N=A

Income tax
Mean
Std. deviation
Autocorrelation

22.44
0.068
0.888

24.44
1.164
0.984

22.53
0.078
0.888

24.40
1.226
0.991

22.53
0.062
0.888

22.57
0.063
0.889

Inflation
Mean
Std. deviation
Autocorrelation

2.589
5.075
0.010

2.835
0.323
0.327

2.568
5.368
0.013

2.878
0.135
0.330

2.607
4.941
0.011

2.658
4.903
0.011

Money growth
Mean
Std. deviation
Autocorrelation

2.599
4.841
0.007

2.793
3.058
0.512

2.587
4.946
0.007

2.850
2.467
0.481

2.617
4.709
0.007

2.667
4.685
0.007

a
a
a

a
In case (c), the deviations of the nominal interest rate from zero are in the seventh decimal place, so
these results are not reported.

falls quickly as the fraction of sticky price ﬁrms increases. With 2% sticky prices, the
standard deviation of inﬂation is only 0:66%; 8 times smaller than in the ﬂexible
price case. The right-scale plots the standard deviation of the Ramsey tax rate
(dashed line). With 2% sticky prices, the standard deviation of taxes is 1:07%; 16
times greater than in the case with ﬂexible prices.
The difference in inﬂation volatility is more dramatic with a greater degree of
curvature in production. From Fig. 1, when a decreases from 1 to 0.64, deviations in
the ratio Ls =Lf from unity result in larger costs of misallocation. This is seen in case
(b) of Table 1 where a ¼ 0:64 (and all other parameters as in the baseline case).
Evidently, the planner’s incentive to reduce misallocation costs is strengthened; with
sticky prices the standard deviation of the tax rate increases by a factor of 16 relative
to the case with ﬂexible prices, and the standard deviation of the inﬂation rate falls
by a factor of 40. Hence, a benevolent government is faced with a strong incentive to
eliminate the resource misallocation that arises from ex-post inﬂation, relative to the
distortions due to variability in tax rates across states of nature.
To further illustrate this trade-off between tax smoothing and resource
misallocation, consider the extreme case in which ﬁnal production exhibits perfect
substitution across intermediate goods. With m ¼ 1 there are no costs associated with
asymmetric labor allocation, so that the complete instruments result re-emerges with
sticky prices. Quantitatively, with sufﬁciently small m and government spending
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Fig. 2. Optimal inﬂation and tax rate volatility. Measured as percentage standard deviation for various
degrees of price rigidity.

shocks calibrated to match post-war data, the tax smoothing beneﬁts of statecontingent inﬂation dominate the costs of misallocation. This is illustrated in case
(c), where m ¼ 1:01 (and all other parameters as in the baseline case), so that the
elasticity of substitution across intermediate goods is equal to 101; in this case, the
quantitative difference between the ﬂexible and sticky price models is minimal.
The ﬁnal experiment in this subsection investigates the effect of a0 on optimal
inﬂation volatility. Fig. 3 plots the standard deviation of the Ramsey inﬂation rate
for various values of the real debt to output ratio (all other parameters as in the
baseline case); this is done for both the ﬂexible price (dashed lines) and sticky price
(solid lines) models. As the liabilities base increases, the government is able to
generate the same change in real claims with smaller variations in the price level (for
further discussion see Sims, 2001). As a result, the inﬂation volatility required to
achieve cross-state tax smoothing in the ﬂexible price model falls from a standard
deviation of 8.90 to 2:72% as the debt to output ratio rises from 0.40 to 1.50. Hence,
the extreme degree of inﬂation volatility found in Chari et al. (1991) with ﬂexible
prices is in part due to their parameterization of a0 : With sticky prices, the result of
essentially stable inﬂation is robust across values of a0 :
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Fig. 3. Optimal inﬂation volatility as a function of the real liabilities base.

7.3. Time series realizations
With a jump in spending, the government’s present value of current and future real
liabilities increases. With ﬂexible prices, the government ﬁnances this principally
through a large devaluation of its outstanding liabilities by generating an inﬂation.
This is not true with sticky prices. This is illustrated in Fig. 4, where I display 25period time series of simulated data generated from the ﬂexible price (dashed lines)
and sticky price (solid lines) models for the baseline parameterization.
In period 5, government spending transits from its low to high state; real spending
falls at date 20. With ﬂexible prices, the government responds contemporaneously to
an increase in spending by generating a large inﬂation. In panel B, the inﬂation rate
jumps from 3:93% at date 4 to 20:8% at date 5. This sharply reduces the real value
of inherited liabilities, as seen in panel C. Real outstanding liabilities fall by 21% in
the period of the shock, and a further 3% in the following period (when payment on
date 5 spending is made) due principally to a reduction in real bond issues in period
5. This allows the government to keep the tax rate (panel D) essentially constant
across low and high spending states. The tax rate increases only 0:14% in period 5.
When spending falls in period 20, there is a deﬂation and the value of real liabilities
rises. Again taxes move very little.
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Fig. 4. Simulated time series. Model responses to a government spending shock with ﬂexible (dashed lines)
and sticky prices (solid lines).

In the sticky price model, there is essentially no inﬂationary response to the
spending shock. The inﬂation rate increases from 2:87% in period 4 to 2:43% in
period 5, and again to 2:16% in period 6 when payment on the increased spending
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is due. As a result, there is a much smaller reduction in the real value of inherited
liabilities, which falls by only 1:5% in period 5 and 2:1% in period 6. Instead, the
government ﬁnances the spending shock largely through increased tax revenue and,
as the high spending regime persists, through bond issue. Between periods 4 and 20,
the tax rate increases 1:11%; during this time, real debt issue (not shown) increases by
14:4%: When government spending falls, tax revenues are lowered, and the
government gradually pays down the accumulated debt (with a one period lag).
Hence, with sticky prices optimal policy can be roughly characterized as smoothing
tax distortions intertemporally; this is accomplished by issuing and retiring debt in
response to ﬁscal shocks. The similarity of this policy to the prescription advocated
by Barro (1979) is discussed below.
7.4. Persistence
With sticky prices, the serial correlation of the Ramsey tax rate exhibits a
noticeable deviation from the case with ﬂexible prices. With ﬂexible prices, the
simulated tax rate inherits the autocorrelation of government spending (see also
Lucas and Stokey, 1983; Chari et al., 1991). In the sticky price model, the
autocorrelation is much closer to unity. This is also true of real government debt.

sticky, real bonds
↓

autocorrelation of endogenous variables

1

↑
sticky, tax rate

0.8

0.6
← flexible, real bonds & tax rate
0.4

0.2

0
0

0.2
0.4
0.6
0.8
autocorrelation of government spending
Fig. 5. Persistence in the ﬂexible and sticky price models.
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Fig. 5 plots the autocorrelation of tax rates and real bond holdings for various
values of the autocorrelation in government spending (all other parameters as in the
baseline case). For the ﬂexible price model (dashed line), this relationship maps out
the 45 line due to the stationarity result discussed in Section 6; that is, since real
variables at state st vary only with the value of gt ; the tax rate and bond holdings
inherit the serial correlation of the shock process. With sticky prices (solid lines), the
autocorrelation of these variables is near unity regardless of the autocorrelation in
government spending. The dependence of the tax rate and bond holdings on the
pseudo-state, k; as well as the unit coefﬁcient on its lagged value in the law of motion
(52), imparts a persistent component to these variables. In this sense, introducing
price rigidity moves optimal policy towards Barro’s (1979) random walk result. As in
Aiyagari et al. (2002), this behavior is driven by the introduction of a pseudo-state
variable summarizing the history of cross-state constraints. In the present model, this
pseudo-state summarizes the history of sticky price constraints (28).
7.5. Large shocks
The results presented above can be interpreted as follows: for government
spending processes resembling post-war experience, smoothing tax distortions over
time represents, in welfare terms, a close substitute to smoothing tax distortions
across states of nature. Comparing simulated utility between the baseline ﬂexible and
sticky price models conﬁrms this; in order to make the household indifferent between
the two economies, consumption in the sticky price model must be increased by only
0:21% in all periods. Hence, for even small degrees of price rigidity, the Ramsey
planner is willing to forego state-contingent returns obtained through inﬂation in
order to minimize allocation distortions.
However, when differences in government spending across states are magniﬁed,
the value of inﬂation as a ﬁscal shock absorber is accentuated. Fig. 6 presents the
optimal degree of inﬂation volatility as a function of v; for government spending with
a 21% standard deviation (all other parameters as in the baseline case). This
represents variability in spending roughly 3 times that of post-war US experience, so
that this exercise can be loosely interpreted as representing periods of war and peace.
As shown in Fig. 6, inﬂation remains volatile even when half of all ﬁrms have sticky
prices. Over this range, optimal inﬂation volatility falls very little, from 14:7% to
12:6%: Hence, for sufﬁciently large spending shocks, tax smoothing considerations
dominate and optimal policy prescribes extreme inﬂation volatility even when the
fraction of sticky price ﬁrms is large. To better understand this, it is fruitful to
consider the costs and beneﬁts of state-contingent inﬂation in isolation.
The key is that as a function of inﬂation volatility, the costs of resource
misallocation are bounded. This is due to the nature of the sticky price ﬁrm’s pricing
decision. In sticky price models with ﬂexible wages, marginal costs are extremely
responsive to monetary shocks (see for instance Chari et al., 2000). This generates an
asymmetry in the sticky price ﬁrm’s proﬁt function. Large inﬂationary shocks drive
down the ﬁrm’s relative price, so that demand is high, while driving up marginal
costs. This leads to negative proﬁts. On the other hand, large deﬂationary shocks
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Fig. 6. Optimal inﬂation and tax rate volatility for large government spending shocks. Measured as
percentage standard deviation for various degrees of price rigidity.

drive up the ﬁrm’s relative price so that at worst, demand and proﬁts are zero. In the
face of volatile inﬂation, the sticky price ﬁrm hedges against the possibility of earning
negative proﬁts. In all periods, the sticky price ﬁrm prices as if government spending
and inﬂation will be high in the following period.
This pricing behavior implies that in response to an ex-post inﬂation (when
government spending is high), the ratio Ls =Lf C1; causing relatively little labor
misallocation. However, when there is an ex-post deﬂation (when government
spending is low) the sticky price ﬁrm’s price is set ‘too high’, so that Ls =Lf o1: As the
volatility of government spending and inﬂation increase, the costs of resource
misallocation increase as Ls =Lf -0 in deﬂation states. But since the misallocation
cost is ﬁnite at Ls =Lf ¼ 0 (see Fig. 1), the cost of adopting a state-contingent
inﬂation policy is bounded above.
However, for increasingly volatile government spending processes, the beneﬁts of
state-contingent inﬂation are strictly increasing. This can be shown by comparing
welfare across Ramsey equilibria in the following extreme cases: (i) a model with
state-contingent real debt (as in Lucas and Stokey, 1983), and (ii) a model with nonstate-contingent real debt (as in Aiyagari et al., 2002). In case (i), optimal policy sets
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PVðst Þ > PVðs%t Þ so that tax distortions are smoothed across states of nature,
% in case (ii), policy is constrained in requiring PVðst Þ ¼ PVðst Þ so that only
whereas
%
% (2002), I show that the
intertemporal tax smoothing is possible (see Section 5). In Siu
cost of foregoing cross-state tax smoothing is increasing and convex in the volatility
of the shock process. Hence, as government spending shocks grow, the beneﬁts of
state-contingent inﬂation increase at an increasing rate; at the same time, the costs of
state-contingent inﬂation due to resource misallocation, though initially increasing,
are eventually bounded. Combining these features, it is not surprising that for
environments with sufﬁciently large shocks, optimal policy prescribes volatile
inﬂation despite the presence of sticky prices.19

8. Conclusion
This paper characterizes optimal ﬁscal and monetary policy with sticky price
setting in intermediate goods markets. With sticky prices, a benevolent government
must balance the shock absorbing beneﬁts of state-contingent inﬂation against its
resource misallocation costs. The results of this study extend those found in the
literature in a number of ways.
With government spending calibrated to post-war data, the Ramsey solution
prescribes essentially constant deﬂation, even when the fraction of sticky price ﬁrms
is small. Hence, responses in the real value of inherited government liabilities are
largely attenuated. Instead, tax distortions can essentially be characterized as being
smoothed over time. Persistent spells of high spending are accompanied by
increasing tax collection and the accumulation of debt; spells of low spending by
falling taxes and the reduction of debt. This imparts a high degree of persistence in
tax rates and real debt holdings, regardless of the persistence in the underlying shock
process. In summary, the extreme volatility in optimal inﬂation rates described in the
optimal policy literature, at least for post-war calibrated shocks, is sensitive to small
departures from the assumption of ﬂexible price setting. However, for volatile
government spending processes, inﬂation volatility is retained as a policy
prescription despite the presence of sticky prices. Ramsey policy tolerates resource
misallocation in favor of cross-state tax smoothing achieved through ex-post
movements in the price level. The implications of this result for welfare experience
associated with historical war episodes is still to be determined.

Appendix A. The ﬂexible price model
A.1. Preliminaries
Here, I characterize competitive equilibrium for the cash–credit good model with
ﬂexible prices. The ﬁrst set of equilibrium conditions are the household FONCs, the
19

See Siu (2002) for further discussion and quantitative results for the large shock case.
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household’s budget constraint, the cash-in-advance constraint, and the government’s
budget constraint; these are identical to those presented in Section 2. The ﬁnal good
and intermediate good production functions are identical as well.
% t Þ for all i in a symmetric
Since there are no sticky price ﬁrms, Yi ðst Þ ¼ Yðs
t
t
t
t
% Þ and Pi ðs Þ ¼ Pðs Þ for all i: Imposing labor market
equilibrium. Also, Y ðs Þ ¼ Yðs
% t Þ ¼ lðst Þa : From the intermediate good ﬁrm’s FONC, W ðst Þ ¼
clearing, Yðs
ða=mÞPðst Þlðst Þa1 : Clearing in the ﬁnal goods market is satisﬁed by Walras’ Law.
Proposition 6. A symmetric equilibrium is characterized in primal form as an
allocation fc1 ðst Þ; c2 ðst Þ; lðst Þg that satisfies the following three constraints:
U1 ðst ÞXU2 ðst Þ;

ðA:1Þ

c1 ðst Þ þ c2 ðst Þ þ gðst Þ ¼ lðst Þa ;

ðA:2Þ

which hold for all st ; and
N X
X
t¼0

% t Þ ¼ U1 ðs0 Þa0 ;
bt pðst ÞCðs

ðA:3Þ

st

where
m
% t Þ ¼ U1 ðst Þc1 ðst Þ þ U2 ðst Þc2 ðst Þ þ Ul ðst Þlðst Þ:
Cðs
a

ðA:4Þ

Furthermore, given allocations which satisfy these constraints, it is possible to construct
all of the remaining equilibrium real allocation, price and policy variables.
Proof. The constraint U1 ðst ÞXU2 ðst Þ guarantees no arbitrage. The second constraint
is the aggregate resource constraint. These are obtained through substitution. To
obtain the implementability constraint take (3), multiply by bt pðst ÞU1 ðst Þ=Pðst Þ; and
sum over all st and t: Using (5)–(8) and the transversality condition on real bonds,
this simpliﬁes to


N X
X
lðst Þa m t
% t Þ þ Ul ðst Þ
lðs

bt pðst Þ Cðs
Þ
¼ U1 ðs0 Þa0 :
ðA:5Þ
tÞ
a
wðs
st
t¼0
Finally, use the intermediate good ﬁrm’s FONC to obtain (A.3).
With sequences fc1 ðst Þ; c2 ðst Þ; lðst Þg that satisfy (A.1)–(A.3), construct the
remaining equilibrium objects at st as follows. Output, real balances and the gross
% t Þ ¼ lðst Þa ; Mðst Þ=Pðst Þ ¼ c1 ðst Þ; and Rðst Þ ¼
nominal return are given by Yðs
t
t
U1 ðs Þ=U2 ðs Þ: The real wage rate is
a
wðst Þ ¼ lðst Þa1 ;
ðA:6Þ
m
and the tax rate is
tðst Þ ¼ 1 þ

Ul ðst Þ
:
U2 ðst Þwðst Þ

ðA:7Þ

ARTICLE IN PRESS
H.E. Siu / Journal of Monetary Economics 51 (2004) 575–607

604

Real bond holdings and the gross rate of inﬂation are given by
N
X
X
% r Þ U2 ðst Þ
Cðs
m Ul ðst Þ t
t
þ
c
lðs Þ;
bðst Þ ¼
brt pðsr jst Þ
ðs
Þ
þ
2
U1 ðst Þ U1 ðst Þ
a U1 ðst Þ
r¼tþ1 sr jst

ðA:8Þ

and
% t Þ  c2 ðst Þ
Pðstþ1 Þ Rðst Þbðst Þ þ ð1  tðst ÞÞYðs
¼
;
Pðst Þ
½c1 ðstþ1 Þ þ bðstþ1 Þ
respectively.

ðA:9Þ

&

This is the natural simpliﬁcation of the primal form for the sticky price economy.
In particular, without sticky prices, constraint (28) is irrelevant. Symmetry requires
Li ðst Þ ¼ lðst Þ for all i; so that Lðst Þ  ðm=aÞlðst Þ in (26). Since hðstþ1 Þ  0 in (27), this
constraint holds trivially.
A.2. When is the Friedman Rule optimal?
Given this result, it is easy to prove that the Friedman Rule is optimal in the
ﬂexible price model.
Proof. Consider maximizing the household’s expected lifetime utility subject to (A.2)
and (A.3), leaving the rate of return, Rðst Þ; unconstrained. Equate the FONCs with
respect to c1 ðst Þ and c2 ðst Þ for tX1; and simplify to obtain
½U1 ðst Þ  U2 ðst Þ ð1 þ lwðst ÞÞ ¼ 0;

ðA:10Þ

where l is the Lagrange multiplier associated with (A.3), and w ¼ C1 =U1 ¼ C2 =U2 :
This last equality follows from the fact that preferences satisfy (2). Therefore, it must
be that U1 ðst Þ ¼ U2 ðst Þ; tX1: It is also possible to show that U1 ðs0 Þ ¼ U2 ðs0 Þ is
constrained optimal (so that dðs0 Þ > 0) for a0 > 0: Therefore, the Friedman Rule is
optimal. &
Indeed, this result holds for a more general class of utility functions than speciﬁed
in condition (2). As long as preferences are homothetic in cash and credit good
consumption, and weakly separable in leisure, optimality of the Friedman Rule is
maintained (see Chari and Kehoe, 1999, for Friedman Rule results in a variety of
monetary, ﬂexible price models).
Note also that this result depends crucially upon labor and proﬁt income being
taxed at the uniform rate, tðst Þ: If the model is modiﬁed so that the tax rate on proﬁts
is zero, the Friedman Rule is no longer optimal. To see this, modify the model in this
manner and derive the primal representation. Equilibrium is characterized by the
same no arbitrage and aggregate resource constraints, but the implementability
constraint becomes
N X
X
* t Þ ¼ U1 ðs0 Þa0 ;
bt pðst ÞCðs
ðA:11Þ
t¼0

st
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where
* t Þ ¼ U1 ðst Þc1 ðst Þ þ U2 ðst Þ c2 ðst Þ  1  a lðst Þa þ Ul ðst Þlðst Þ:
Cðs
m

ðA:12Þ

Inspection of the Ramsey FONCs with this set of constraints reveals that the
Friedman Rule is not optimal. In fact, in the Ramsey equilibrium, U1 ðst Þ > U2 ðst Þ for
all st ; tX1; so that the nominal interest rate should be strictly positive.
To gain intuition, note that the implementability constraint and aggregate
resource constraint of this modiﬁed economy are equivalent to those derived from a
repeated sequence of static, real barter economies. This economy features: a
production technology with a linear transformation frontier between c1 and c2 ;
distinct consumption tax rates; no income taxes; and an untaxed endowment of c2
which, in equilibrium, is equal to ð1  a=mÞl a : Because of the endowment, optimality
requires U1 > U2 : Since the law of one price dictates that c1 and c2 are sold at a
uniform price, the government levies a higher tax rate on c1 to induce the optimum.
In the context of the cash–credit good model, this is achieved through a positive
nominal interest rate which acts as a tax on the cash good.
Hence, the fact that Rðst Þ > 1 is optimal can be understood as an exception to the
uniform commodity taxation rule. Despite preferences that are homothetic in c1 and
c2 ; and weakly separable in leisure, optimal consumption tax rates are not equal when
there is an untaxed endowment of one good (see Chari and Kehoe, 1999). In the cash–
credit good model, the presence of untaxed proﬁt income acts as a wealth endowment
denominated in the credit good, since proﬁt is transformed into credit one-for-one.

Appendix B. Derivations of cross-state constraints
B.1. Proof of Proposition 5
Proof. For convenience, I reproduce condition (28) as
N X
N X
r
X
X
Cðsr Þ
rt
t
r t Cðs Þ
Aðst Þ
¼
Að
s
;
brt pðsr jst Þ
Þ
b
pðs
j
s
Þ
%
%
U1 ðs%t Þ
% r¼t sr jst
% U1 ðst Þ
r¼t sr j%st
%
%
for st and s%t following st1 :
% term
The
N X
X
Cðsr Þ
;
brt pðsr jst Þ
U1 ðst Þ
r¼t sr jst

ðB:1Þ

ðB:2Þ

is the present value of real government budget surpluses from state st onward. To see
this, consider the expression:
U1 ðst Þ
½Mðst Þ þ Bðst Þ :
ðB:3Þ
Pðst Þ
Manipulating this as in the proof of Proposition 2 and dividing by U1 ðst Þ produces
(B.2). However, (B.2) can be written in an alternative form. Again, begin with (B.3);
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use the government’s date r budget constraint, multiply by br pðsr j st ÞU1 ðsr Þ=Pðsr Þ;
and sum over states sr following st and dates rXt þ 1 to get:
N X
X
tðsr ÞY ðsr Þ  gðsr Þ Mðsr Þ Rðsr Þ  1
brt pðsr jst ÞU1 ðsr Þ
þ
:
ðB:4Þ
Rðsr Þ
Pðsr Þ
Rðsr Þ
r¼t sr jst
Divide by U1 ðst Þ to obtain the expression for PVðst Þ: Hence, (B.2) is equivalent to
PVðst Þ; and the sticky price constraint can be rewritten as
Aðst ÞPVðst Þ ¼ Aðs%t ÞPVðs%t Þ;
%
%
for s%t and st following st1 : &
%

ðB:5Þ

B.2. The cross-state constraint with incomplete markets
Here I describe a real economy with non-state-contingent debt and derive the
cross-state constraint imposed on the Ramsey problem. This restriction is simply a
rewriting of the measurability constraint of Aiyagari et al. (2002) for the simple case
in which government spending takes on two possible values, fg; gg:
% The presentation
follows closely that of Chari and Kehoe (1999) and Aiyagari %et al. (2002).
The representative household maximizes utility derived from consumption, c; and
leisure, 1  l: In each period, the household is subject to the following budget constraint:
* t Þ ¼ ð1  tðst ÞÞlðst Þ þ Rðs
* t1 Þ; 8st ;
* t1 Þbðs
cðst Þ þ bðs
ðB:6Þ
* t Þ are holdings of one-period real bonds. These mature
where tðst Þ is the tax rate, and bðs
* t Þ:
at the beginning of period t þ 1; and earn a non-state-contingent real return of Rðs
Production is constant returns to labor, generating the following aggregate resource
constraint:
cðst Þ þ gðst Þ ¼ lðst Þ;

8st :

ðB:7Þ

The government sets the tax rate and issues real bonds to satisfy its budget constraint:
* t Þ þ tðst Þlðst Þ ¼ Rðs
* t1 Þ þ gðst Þ; 8st :
* t1 Þbðs
bðs
ðB:8Þ
To derive the cross-state constraint, take (B.8) and multiply by the marginal utility of
consumption, Uc ðst Þ; to get
* t Þ ¼ Uc ðst ÞRðs
* t1 Þ:
* t1 Þbðs
Uc ðst Þ½tðst Þlðst Þ  gðst Þ þ bðs
ðB:9Þ
Add to this the government’s date r budget constraint, multiplied by the term
t
brt pðsr jst ÞUc ðsr Þ; for all sr following
rXt þ 1: Using the household’s
P s and
t
t
*
intertemporal FONC, Uc ðs Þ ¼ bRðs Þ stþ1 jst pðstþ1 jst ÞUc ðstþ1 Þ; produces
N X
X
* t1 Þ:
* t1 Þbðs
brt pðsr jst ÞUc ðsr Þ½tðsr Þlðsr Þ  gðsr Þ ¼ Uc ðst ÞRðs
ðB:10Þ
r¼t

sr jst

The summation term in (B.10) is the present (utility) value of real government surpluses.
Deﬁning PVðst Þ as the left-hand side of (B.10) divided by Uc ðst Þ; the expression
* t1 Þ: Note that Rðs
* t1 Þ is known at state st1 and
* t1 Þbðs
* t1 Þbðs
becomes PVðst Þ ¼ Rðs
t
must be identical across histories, s : Denote these as st and s%t : Hence, the cross-state
%
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constraint imposed by non-state-contingent real returns can be expressed as PVðst Þ ¼
%
PVðs%t Þ; which is identical to (46).
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